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In a class of generalized Proca theories, we study the existence of neutron star solutions with a
nonvanishing temporal component of the vector field Aµ approaching 0 toward spatial infinity, as
they may be the endpoints of tachyonic instabilities of neutron star solutions in general relativity
with Aµ = 0. Such a phenomenon is called spontaneous vectorization, which is analogous to
spontaneous scalarization in scalar-tensor theories with nonminimal couplings to the curvature or
matter. For the nonminimal coupling βXR, where β is a coupling constant and X = −AµA
µ/2, we
show that there exist both 0-node and 1-node vector-field solutions, irrespective of the choice of the
equations of state of nuclear matter. The 0-node solution, which is present only for β = −O(0.1),
may be induced by some nonlinear effects such as the selected choice of initial conditions. The 1-
node solution exists for β = −O(1), which suddenly emerges above a critical central density of star
and approaches the general relativistic branch with the increasing central density. We compute the
mass M and radius rs of neutron stars for some realistic equations of state and show that the M -rs
relations of 0-node and 1-node solutions exhibit notable difference from those of scalarized solutions
in scalar-tensor theories. Finally, we discuss the possible endpoints of tachyonic instabilities.
I. INTRODUCTION
The advent of gravitational-wave (GW) astronomies [1], along with observations of binary pulsars [2], opened up a
new channel for probing physics of high-density matter inside neutron stars (NSs). In terms of the tidal deformability
of NSs, the data of the GW170817 event [3] put constraints on the relation between mass and radius of NSs. In
addition, the recent X-ray data collected by NASA’s NICER mission [4] inferred mass and radius of a millisecond
pulsar as well as equation of state (EOS) [5]. With the accumulation of GW and other events in the future along with
the increasing accuracy of measurements, we will be able to place tighter bounds on NS EOSs as well as the possible
deviation from General Relativity (GR) in high-density regions. In particular, whether or not some extra degrees of
freedom beyond GR and standard model of particle physics exist around strong gravitational objects is an important
question. Moreover, such new degrees of freedom may be related to the problems of dark sectors in our Universe
such as dark matter and dark energy (see, e.g., Ref. [6] for the observational constraint on dark energy models from
GW170817 event).
One of the simplest and well-motivated modifications to GR in the regime of strong gravity is to introduce nonlinear
scalar curvature terms like R2 in the Lagrangian, besides the Einstein-Hilbert term R [7]. This theory, which is known
as a class of f(R) gravity [8, 9], has one additional scalar degree of freedom in comparison to GR, with an effective
potential arising from the gravitational origin [10]. NS solutions in f(R) gravity have been extensively studied in the
literature [11–16], but the presence of nonvanishing scalar mass can give rise to an exponential growing mode outside
the star [17]. This is the case for the model f(R) = R + αR2 with α being constant, in which the scalar degree of
freedom does not vanish at spatial infinity unless EOS inside NSs is chosen in a specific way [18].
One can express f(R) theories in terms of the action of scalar-tensor theories with a nonminimal coupling to the
Ricci scalar. There are also other scalar-tensor theories in which a scalar field φ is nonminimally coupled to the Ricci
scalar R of the form F (φ)R, where F (φ) is a function of φ [19, 20]. For the massless scalar field in Brans-Dicke
theories with the coupling F (φ) = e−2Qφ/Mpl [19], where Q is a constant and Mpl is the reduced Planck mass, it is
possible to realize a nontrivial configuration of the field inside NS with φ approaching 0 at spatial infinity [17]. In
scalar-tensor theories, the construction of hairy solutions in compact objects and their observational signatures have
been studied in Refs. [21–23].
While the theory with a monotonic coupling function F (φ) only admits NS solutions with a nontrivial profile of
φ, a theory with F,φ(0) = 0, where F,φ = dF/dφ, also admits NS solutions in GR with φ = 0. The effective mass
squared for small perturbations about the GR NS solution is given by m2eff = −(M2pl/2)[F,φφ(0)/ω(0)]R, see Eq. (A.1)
in Appendix for our convention. Provided that F,φφ(0) > 0 with R > 0 and ω(0) > 0, there is a tachyonic instability
of the GR branch, which can be triggered by spontaneous growth of φ toward the other nontrivial branch. Then,
NSs may eventually acquire a scalar hair, whose phenomenon is dubbed spontaneous scalarization. Spontaneous
scalarization is particularly interesting, as it would modify the gravitational interaction only in strong-gravity regimes
2and be directly tested via future GW measurements.
Damour and Esposito-Farese [24, 25] proposed a concrete nonminimal coupling F (φ) = e−βφ
2/(2M2pl) for spontaneous
scalarization, which satisfies the conditions F,φ(0) = 0 and F,φφ(0) > 0 for β < 0. They showed that there exist the
spherically symmetric and static NS solutions with a nonvanishing field configuration besides the GR branch. In
Refs. [26–28], it was shown that the GR solution can be unstable to trigger spontaneous scalarization to the other
nontrivial branch for β < −4.35, depending very weakly on the choice of EOSs. Since the scalarized solution has a
scalar charge associated with the energy loss through dipolar radiation, binary-pulsar observations have placed the
bound β > −4.5 [29] (see also Refs. [30–32]). These two results confine the coupling β to a limited range. On the
other hand, it has been shown that spontaneous scalarization can also be realized for black holes, in the presence
of couplings to the Gauss-Bonnet term [33–39] and to the electromagnetic field [40–44]. The threshold values of
generalized scalar-tensor couplings for the tachyonic instability and the onset of spontaneous scalarization have been
extensively studied in Ref. [45].
The nonminimally coupled scalar field is not only the possibility for modifying the physical property of NSs, but the
vector field Aµ coupled to gravity should also affect the structure of NSs. Thus, in analogy to spontaneous scalarization,
it is of interest to study the possibility of spontaneous vectorization in vector-tensor theories. The standard Einstein-
Maxwell theory is given by the Lagrangian L =M2plR/2−FµνFµν/4, where Fµν = ∇µAν−∇νAµ is the Maxwell tensor
with ∇µ being the covariant derivative operator. The simple example for modifying the gravitational interaction in
GR is to introduce the nonminimal coupling G4(X)R, where G4 is a function of X = −AµAµ/2. In this Hellings
and Nordtvedt theory [46], Annulli et al. [47] found NS solutions with a nonvanishing temporal vector component
approaching 0 at spatial infinity, besides the GR branch. The possibility of spontaneous vectorization was analyzed
from the viewpoint of Einstein frame in Refs. [48, 49].
The vector-tensor theories with the coupling G4(X)R alone generally give rise to derivatives higher than second
order in the field equations of motion, so it can be prone to the problem of Ostrogradski instabilities [50, 51] with
the Hamiltonian unbounded from below. The theories remain up to second order by taking into account additional
derivative-interaction terms to the Lagrangian of the form G4,X(X)[(∇µAµ)2−∇µAν∇νAµ], where G4,X ≡ dG4/dX .
They are known as a class of generalized Proca (GP) theories [52–55], in which the U(1) gauge symmetry is broken by
the explicit X dependence in G4. The application of GP theories to the late-time cosmic acceleration [56–59] and the
screening of fifth forces [60, 61] around local objects on the weak gravitational background has been widely studied
in the literature.
If we apply GP theories to compact objects on the strong gravitational background, there are hairy NS and black
hole solutions with nontrivial vector-field profiles [62–70]. In Refs. [63, 70], NS solutions were studied for polytropic
EOS for the models which only have hairy NS solutions. Models associated with spontaneous vectorization should
possess a nonvanishing vector field with Aµ approaching 0 at spatial infinity, which hence would arise from a tachyonic
instability of the GR solution with Aµ = 0. For the former branch, there will be a nontrivial modification to the
structure of NSs (like mass and radius) with Aµ carrying a vector charge.
In this paper, we study NS solutions in the above class of GP theories with the nonvanishing vector-field profile
approaching 0 far outside the star. To describe realistic nuclear interactions inside NSs, we use the analytic represen-
tations of SLy and BSk20 EOSs given in Refs. [71, 72]. We consider the simple nonminimal coupling βX in G4(X),
which allows for nontrivial vector-field solutions besides the GR branch. We will show that there are either 0-node
or 1-node solutions depending on whether the coupling β is of order −0.1 or −1, respectively. The 0-node solution
in GP theories has a different property compared to that in scalar-tensor theories, in that the former may appear
through some nonlinear effects like the selected choice of initial conditions. We will also show that the value of β
for the 1-node solution is consistent with the onset of instability. We will compute the mass and radius of NSs for
both 0-node and 1-node solutions and investigate how they are modified from those in GR. Finally, we will clarify the
difference from the case of scalarized solutions and discuss the possible endpoints of tachyonic instabilities.
Throughout the paper, we use the natural units c = ~ = 1, where c is the speed of light and ~ is reduced Planck
constant. When these fundamental constants are needed in numerical computations, we recover them and adopt their
concrete values c = 2.9979 × 1010 cm · s−1 and ~ = 1.0546× 10−27 erg · s, and the Newton gravitational constant
G = 6.6743× 10−8 g−1· cm3· s−2. In terms of the normalization of vector field, it is convenient to use the reduced
Planck mass Mpl, which is related to G as Mpl = (8πG)
−1/2.
II. GENERALIZED PROCA THEORIES AND RELATIVISTIC STARS
We consider a vector field Aµ breaking the U(1) gauge symmetry due to the presence of nonminimal coupling
G4(X)R, where X is a function of X = −AµAµ/2 and R is the Ricci scalar. This type of nonminimal vector coupling
to gravity was first introduced by Hellings and Nordtvedt in 1973 [46], but we need to worry for Ostrogradski
instabilities associated with the existence of derivatives higher than second order. The theory can be made second
3order by adding a counter term that eliminates higher-order derivatives. The action of such second-order GP theories
is given by [52–55]
S =
∫
d4x
√−g
[
G4(X)R+G4,X(X)
{
(∇µAµ)2 −∇µAν∇νAµ
}− 1
4
FµνF
µν
]
+ Sm(gµν ,Ψm) , (2.1)
where g is the determinant of metric tensor. We take into account the action Sm of matter fields Ψm, which are
assumed to be minimally coupled to gravity. The action (2.1) can be generalized further to include other derivative
and nonminimal couplings [52–55, 73, 74], but we will focus on the theory (2.1) for simplicity.
A. Background equations
The line element on a spherically symmetric and static background is given by
ds2 = −f(r)dt2 + h−1(r)dr2 + r2 (dθ2 + sin2 θ dϕ2) , (2.2)
where f and h are functions of the radial coordinate r from the center of symmetry. On this background, the vector
field is expressed in the form
Aµ = (A0(r), A1(r), 0, 0) , (2.3)
where A0(r) and A1(r) correspond to temporal and radial components, respectively, which depend on r alone. Then,
the quantity X is expressed as
X =
A20
2f
− hA
2
1
2
. (2.4)
For the matter sector, we consider a single perfect fluid whose mixed energy-momentum tensor is given by T µν =
diag(−ρ(r), P (r), P (r), P (r)), where ρ(r) and P (r) are the density and pressure, respectively. From the matter
continuity equation ∇µT µν = 0, we obtain
P ′ +
f ′
2f
(ρ+ P ) = 0 , (2.5)
where a prime represents a derivative with respect to r.
Variation of the action (2.1) with respect to A1 leads to
A1
[
(f − fh− rhf ′) fG4,X +
{
fh(rf ′ + f)A21 − rA0(A0f ′ − 2fA′0)
}
hG4,XX
]
= 0 . (2.6)
This shows that there exists the branch satisfying
A1 = 0 . (2.7)
Throughout this paper, we will focus on this branch. The difference from the solution in GR arises from the temporal
component A0. Varying the action (2.1) with respect to f , h, and A0, it follows that
h′ =
4(1− h)(G4f −A20G4,X)− 2ρr2f − r2hA′20
4r(G4f −A20G4,X)
, (2.8)
f ′ =
f [4f(1− h)G4 + 2Pr2f − rhA′0(rA′0 + 8A0G4,X)]
4rh(G4f −A20G4,X)
, (2.9)
A′′0 +
(
2
r
− f
′
2f
+
h′
2h
)
A′0 +
2
r2h
G4,X (rh
′ + h− 1)A0 = 0 . (2.10)
Substituting Eq. (2.8) into Eq. (2.10), the temporal vector component obeys
A′′0 +
(
2
r
− f
′
2f
+
h′
2h
)
A′0 −
G4,X(2fρ+ hA
′2
0 )
2h(G4f −A20G4,X)
A0 = 0 . (2.11)
Provided that EOS P = P (ρ) inside the star is known, we can solve Eq. (2.5) and Eqs. (2.8)-(2.10) for P , h, f , A0
with a given function G4(X). In doing so, we need to impose regular boundary conditions at the center of star.
4The general relativistic (GR) solution corresponds to the vanishing temporal component, i.e.,
GR : A0 = 0 . (2.12)
We also consider a nonvanishing vector-field solution (VS) characterized by a radial-dependent temporal component
A0(r) with the asymptotic behavior A0(r)→ 0 as r →∞, i.e.,
VS : A0(r) 6= 0 , and A0(r →∞) = 0 . (2.13)
A simple model which may allow for the existence of both (2.12) and (2.13) is given by G4,X = β = constant, i.e.,
G4(X) =
M2pl
2
+ βX , (2.14)
where the first term on the right hand side corresponds to the Einstein-Hilbert term. We can also think of other
couplings including nonlinear terms of X like G4(X) = M
2
pl/2+
∑
n=1 βnX
n, for instance G4(X) = (M
2
pl/2)e
2βX/M2pl ,
but we will focus on the model (2.14) in this paper. Note that if the linear term of X in G4(X) is absent, there may
not be VS solutions, as in this case the GR branch is expected to be linearly stable and they may be formed from
other initial conditions.
B. Boundary conditions
Let us derive general boundary conditions of NSs at r = 0 and at spatial infinity for the model given by Eq. (2.14).
At the center of star, we impose the regular boundary conditions P ′(0) = ρ′(0) = h′(0) = f ′(0) = A′0(0) = 0. Then,
the solutions around r = 0 are expressed in the forms,
P (r) = pc +
∞∑
i=2
pir
i , ρ(r) = ρc +
∞∑
i=2
ρir
i ,
h(r) = 1 +
∞∑
i=2
hir
i , f(r) = f0 +
∞∑
i=2
fir
i , A0(r) = Ac +
∞∑
i=2
αir
i , (2.15)
where pc, pi, ρc, ρi, hi, f0, fi, Ac, αi are constants. Substituting Eq. (2.15) into Eq. (2.5) and Eqs. (2.8)-(2.10), the
iterative solutions around r = 0 are given by
P (r) = Pc −
f0(ρc + Pc)[ρc(f0M
2
pl + βA
2
c − 8β2A2c) + 3Pc(f0M2pl − βA2c)]
12(f0M2pl − βA2c)2
r2 +O(r4) , (2.16)
h(r) = 1− f0ρc
3(f0M2pl − βA2c)
r2 +O(r4) , (2.17)
f(r) = f0 +
f20 [ρc(f0M
2
pl + βA
2
c − 8β2A2c) + 3Pc(f0M2pl − βA2c)]
6(f0M2pl − βA2c)2
r2 +O(r4) , (2.18)
A0(r) = Ac +
Acβf0ρc
3(f0M2pl − βA2c)
r2 +O(r4) . (2.19)
We consider a NS with the radius rs determined by the condition
P (rs) = 0 . (2.20)
Outside the star (r > rs), both P (r) and ρ(r) vanish. The boundary conditions at spatial infinity are
h(r →∞) = 1 , f(r→∞) = 1 , A0(r →∞) = 0 . (2.21)
Under the time reparametrization in the metric (2.2), the asymptotic value of f can be chosen as an arbitrary
constant. After performing the replacements Ac =
√
f0A¯c, A0(r) =
√
f0A¯0(r), and f(r) = f0f¯(r) in Eqs. (2.16)-
(2.19), the constant f0 disappears in the expressions of P (r), h(r), f¯(r), and A¯0(r). In other words, we can choose
f0 = 1 without loss of generality.
5The mass function M(r) is defined by
h(r) = 1− 2GM(r)
r
. (2.22)
The Arnowitt-Deser-Misner (ADM) mass is given by the asymptotic value of M(r) at spatial infinity, i.e.,
M ≡ lim
r→∞
M(r) = r
2G
[1− h(r)]
∣∣∣∣
r→∞
. (2.23)
We introduce the compactness of star, as
C = GM
rs
, (2.24)
where G is the Newton gravitational constant. For a given EOS, the radius and mass of a NS are known by numerically
integrating Eqs. (2.5) and (2.8)-(2.10) with the boundary conditions (2.16)-(2.19) at r = 0. Because of the reflection
symmetry under Aµ → −Aµ, we assume that A0 ≥ 0 in the rest of paper without loss of generality. Note that we
can go back to the conventional units with G and c by the replacement of Mpl → c2/
√
8πG and ρ→ ρc2 in the above
equations.
C. Equations of state of NSs
As an EOS of relativistic stars, we first discuss the case of constant density ρ in Sec. III. Then, in Secs. IV and V,
we will proceed to the analysis of NS structures with a nonvanishing VS for two more realistic EOSs: SLy and BSk20.
For the latter EOSs, we introduce the dimensionless quantities,
ξ ≡ log10(ρ/g · cm−3) = α1 + α2 ln y , (2.25)
ζ ≡ log10(P/dyn · cm−2) = α3 + α2 ln z , (2.26)
where α1 = ln(ρ0/g · cm−3)/ ln 10, α2 = (ln 10)−1, α3 = ln(ρ0c2/dyn · cm−2)/ ln 10, and
y ≡ ρ
ρ0
, z ≡ P
ρ0
. (2.27)
Here, ρ0 is the density defined by
ρ0 ≡ mnn0 = 1.6749× 1014 g · cm−3 , (2.28)
where mn = 1.6749× 10−24 g is the neutron mass and n0 = 0.1 (fm)−3 is the typical number density of NSs. SLy
and BSk20 EOSs are parameterized as
ζ(ξ) =
a1 + a2ξ + a3ξ
3
1 + a4ξ
{exp[a5(ξ − a6)] + 1}−1 + (a7 + a8ξ) {exp[a9(a10 − ξ)] + 1}−1
+(a11 + a12ξ) {exp[a13(a14 − ξ)] + 1}−1 + (a15 + a16ξ) {exp[a17(a18 − ξ)] + 1}−1
+
a19
1 + [a20(ξ − a21)]2 +
a22
1 + [a23(ξ − a24)]2 . (2.29)
For SLy, the coefficients a1,··· ,18 are given in Table 1 of Ref. [71], with a19 = a20 = a21 = a22 = a23 = a24 = 0.
For BSk20, the coefficients are presented in Ref. [72] with the correspondence ai = a¯i for 1 ≤ i ≤ 9, a10 = a¯6 and
ai = a¯i−1 for 11 ≤ i ≤ 24, where a¯i are the values given in the center of Table 2 in Ref. [72].
III. RELATIVISTIC STARS WITH CONSTANT DENSITY
In this section, we consider relativistic stars with the constant density ρc to understand properties of the nonvan-
ishing VS analytically.
6In the absence of the vector field Aµ, there exist analytic solutions to Eqs. (2.5), (2.8), and (2.9). The metric
components inside the star (r ≤ rs) are given by
f =
[
3
2
√
1− 2C − 1
2
√
1− 2C r
2
r2s
]2
, h = 1− 2C r
2
r2s
, (3.1)
with
P
ρc
=
√
1− 2C r2/r2s −
√
1− 2C
3
√
1− 2C −
√
1− 2C r2/r2s
, C = ρcr
2
s
6M2pl
. (3.2)
The geometry outside the star (r > rs) is described by the Schwarzschild metric,
f = h = 1− 2C rs
r
. (3.3)
From r = 0 to r = rs, the function f increases from (3
√
1− 2C − 1)2/4 to 1 − 2C. This increase of f leads to the
decrease of P as a function of r according to Eq. (2.5). The stellar radius rs is determined by the point at which P
vanishes. From Eqs. (3.1) and (3.3), the function h reaches a minimum at r = rs and it starts to grow for r > rs.
As we observe in Eqs. (2.8) and (2.9), the existence of nonvanishing A0 affects the metric components h and f , so
that Eqs. (3.1) and (3.3) are subject to modifications. Before addressing this point, we first derive analytic solutions to
A0(r) under some approximations to extract general properties of nonvanishing VSs. We then study the full numerical
solution to A0(r) and discuss its effect on the metrics.
A. Approximate vector-field solutions in the weak gravitational background
In the presence of Aµ, the temporal vector component inside the star obeys
A′′0 +
(
2
r
− f
′
2f
+
h′
2h
)
A′0 −
β(2fρc + hA
′2
0 )
h(fM2pl − βA20)
A0 = 0 , (3.4)
which allows the existence of the GR branch (2.12). To discuss whether the GR solution can be unstable to reach
a VS with nonvanishing A0, we take into account the perturbation δA0(r) around A0 = 0. Then, δA0(r) has the
negative mass squared m2eff = 2βρc/M
2
pl for
β < 0 , (3.5)
which is at least necessary for spontaneous vectorization to occur.
If we consider the weak gravitational background with C ≪ 1, the following two conditions are satisfied,
1
r
≫
{∣∣∣∣f ′f
∣∣∣∣ ,
∣∣∣∣h′h
∣∣∣∣
}
, |h− 1| ≪ 1 . (3.6)
In realistic NSs the conditions (3.6) can be violated, but we will temporally use them for the purpose of deriving
analytic solutions approximately. Let us also discuss the case in which A′20 and A
2
0 are in the ranges,
fρc ≫ hA′20 , fM2pl ≫ |β|A20 . (3.7)
Under the conditions (3.6) and (3.7), Eq. (3.4) is approximately given by
A′′0 +
2
r
A′0 −
12βC
r2s
A0 ≃ 0 . (3.8)
Let us derive the solution to Eq. (3.8) for β < 0. Imposing the boundary conditions A0(r = 0) = Ac = constant and
A′0(r = 0) = 0 at the center, the resulting internal solution (for r ≤ rs) is
A0(r) ≃ Ac sin(b r/rs)
b r/rs
, (3.9)
7where
b ≡
√
−12βC . (3.10)
Outside the star the density ρc vanishes, while hA
′2
0 does not, so the first condition of Eq. (3.7) is violated. Dropping
the term hA′20 for the moment and employing the first condition of Eq. (3.6) outside the star, Eq. (3.4) approximately
reduces to
A′′0 +
2
r
A′0 ≃ 0 . (3.11)
In this case, the external solution reads
A0(r) ≃ A∞ + Q
r
, (3.12)
where A∞ and Q are constants. Matching the two solutions (3.9) and (3.12), and their first derivatives, respectively
at r = rs, we obtain the following two relations,
Ac
A∞
≃ 1
cos b
,
Q
Acrs
≃ sin b
b
− cos b . (3.13)
For b ≃ π/2 − 0, there exists the VS with A∞ ≃ +0 and the positive charge Q = (2/π)Acrs. From Eq. (3.9),
we have A0(r) = (2/π)Ac at r = rs. In this case, the temporal vector component monotonically decreases toward
the asymptotic value A∞ ≃ 0 without crossing A0(r) = 0. This VS is called the 0-node solution. Under the above
approximation scheme, the criterion for the existence of 0-node solutions is that β is smaller than the critical value
βc satisfying b = π/2, i.e., β < −π2/(48C). For NSs with C = 0.2, this condition translates to β < −1.
For b ≃ 3π/2 − 0, we also have the other VS with A∞ ≃ −0 and the negative charge Q = −(2/3π)Acrs. In this
case, the VS crosses A0(r) = 0 at r = 2rs/3 inside the star and reaches the negative value A0(r) = −2Ac/(3π) at
r = rs. Then, A0(r) increases according to A0(r) ≃ Q/r with Q < 0 toward the asymptotic value −0. This VS is
called the 1-node solution, which crosses the point A0(r) = 0 once.
In general, the VS with n nodes corresponds to b ≃ (2n+1)π/2−0 with the charge Q = (−1)n(2/π)(2n+1)−1Acrs.
In this case, the vector field crosses A0(r) = 0 for n times with the asymptotic behavior A0(r) ≃ Q/r at spatial
infinity. For even and odd n, the charge Q is positive and negative, respectively.
B. Full vector-field solutions
The relations (3.13) have been derived by exploiting the conditions (3.6) and (3.7) to Eq. (3.4). However, these
conditions can be violated for realistic NSs with C = O(0.1). If we use the Schwarzschild interior solution (3.1) to
estimate the term in front of A′0 in Eq. (3.4), it follows that
2
r
− f
′
2f
+
h′
2h
≃ 2
r
[
1−O(1) C r
2
r2s
]
. (3.14)
As we will see later, the metric functions f and h are subject to modifications by the backreaction of A0. Still,
the estimation (3.14) is sufficient for the purpose of understanding the metric corrections to the leading-order term
2/r. From Eq. (3.14), the compactness C of order 0.1 works to reduce the friction term in Eq. (3.4), whose effect is
particularly strong around r = rs. The metric component h, which appears in the denominator of the third term on
the left hand side of Eq. (3.4), reaches a minimum value 1 − O(1)C around r = rs. These properties show that, in
comparison to the weak gravitational background with C much smaller than 0.1, the decrease of A0(r) inside the star
is faster than that estimated by Eq. (3.9). In other words, when β = −O(1), the solutions can enter the negative A0(r)
region, in which case the 0-node solution can disappear. Instead, it may be possible to realize the 1-node solution
even for β = −O(1). It is also expected that the 0-node solution may be present for |β| smaller than the order 1.
The field derivative hA′20 in Eq. (3.4) leads to the faster decrease of A0 inside the star as well, whose effect is largest
around r = rs. The term −βA20 gives rise to the contribution to fM2pl for A0 > O(0.1)Mpl, but the modification
tends to be unimportant for increasing r due to the decrease of |A0(r)|. We recall that the term hA′20 is present even
outside the star. Let us estimate the correction induced by this term to the solution (3.12). In doing so, we consider
the regime r ≫ rs in which f and h are close to 1 with fM2pl ≫ |β|A20. Then, Eq. (3.4) reduces to
A′′0 +
2
r
A′0 ≃
β
M2pl
A′20 A0 . (3.15)
8Substituting the leading-order solution (3.12) to the right hand side of Eq. (3.15), we obtain the integrated solution,
A0(r) ≃
(
1 +
βQ2
2M2plr
2
)
A∞ +
(
1 +
βQ2
6M2plr
2
)
Q
r
. (3.16)
The negative coupling β works to suppress the amplitude of A0(r), but it still has the dependence A0(r) ≃ Q/r for
sufficiently large r. The internal and external solutions of A0(r) discussed above join each other at r = rs.
In order to confirm the presence of 0-node as well as 1-node solutions, we numerically solve the full background
equations with the boundary conditions (2.16)-(2.19) around r = 0. For this purpose, we define the dimensionless
quantities,
m ≡ 3M
4πρ0r30
, A¯0 ≡ A0
Mpl
, s ≡ ln r
r0
, (3.17)
where
r0 ≡ c√
Gρ0
= 89.664 km . (3.18)
On using Eqs. (2.5) and (2.8)-(2.10) with Eq. (2.22), we can derive the differential equations for f , m, A¯0, and
z = P/ρ0 with respect to the variable s. In this section, we are considering the star with constant y = ρ/ρ0 for r ≤ rs.
We find that the 0-node solution is present for
− 2 . β . −0.1 . (3.19)
Thus, there exists the 0-node solution even for β = −O(0.1). The numerical computation also shows the existence of
1-node solutions for
β . −2 . (3.20)
As we discussed above, strong gravitational effects associated with f, h and the existence of term hA′20 in Eq. (3.4) lead
to the larger effective coupling β, so that the nonvanishing VS tends to enter the negative A0 region for β = −O(1).
For β . −O(10), we also find the existence of 2-node solutions (and plausibly higher-node solutions), but we will not
consider the regime of such large coupling |β|.
Note that our model corresponds to the special case of η = −2Ω in the notation of Ref. [47], and the correspondence
with our notation is β = Ω/2. Equation (23) in Ref. [47] shows that under the weak gravitational approximation the
tachyonic instability of a GR constant density star in the polar perturbation sector would appear below β ≈ −π2/(12C),
which would be of O(−5) when extrapolated to the compactness C = O(0.15). Thus, the value of β for the 1-node
solution is somewhat consistent with that for the critical coupling associated with the onset of tachyonic instability.
This motivates us to study the 1-node VS in more details.
In the left panel of Fig. 1, we plot A¯0 versus r/r0 corresponding to the 0-node solution for β = −0.4. In this case,
the temporal vector component continuously decreases with the increase of r toward the asymptotic value A0 ≃ +0.
We also compute the following dimensionless quantity,
Q¯ ≡ − r
2A′0
r0Mpl
. (3.21)
Provided that A0 behaves as Eq. (3.16) for r ≫ rs, Q¯ should approach constant value Q/(r0Mpl). Indeed, as we
see in the left panel of Fig. 1, the numerical value of Q¯ approaches a positive constant. This means that the 0-node
solution has a positive charge Q with A0(r) decreasing as ∝ Q/r at spatial infinity.
The right panel of Fig. 1 shows A¯0 and Q¯ versus r/r0 for β = −5, which corresponds to the 1-node solution. In
this case, the stellar radius is rs = 0.09r0, around which A0(r) reaches a negative minimum. Outside the star, A0(r)
asymptotically approaches the value −0 with the dependence A0(r) ≃ Q/r. Indeed, the quantity (3.21) approaches a
negative constant and hence the 1-node solution has a negative charge Q.
In the following, we estimate the backreaction of vector field on the metric components f and h. We recall that
the iterative solutions to P , h, f around r = 0 are given by Eqs. (2.16)-(2.18). As long as f0M
2
pl ≫ |β|A2c , we have
h ≃ 1 − ρcr2/(3M2pl) from Eq. (2.17) and hence h behaves in the same manner as in GR. On the other hand, the r
derivative of Eq. (2.18) is given by
f ′(r) ≃ f
2
0 [ρc(f0M
2
pl + βA
2
c − 8β2A2c) + 3Pc(f0M2pl − βA2c)]
3(f0M2pl − βA2c)2
r . (3.22)
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FIG. 1. (Left) Example of the 0-node solution showing A¯0 = A0/Mpl and Q¯ = −r
2A′0/(r0Mpl) versus r/r0 for β = −0.4,
Ac = 0.83525Mpl , ρc = 7ρ0, and Pc = 0.1946ρ0 . (Right) Example of the 1-node solution showing A¯0 = A0/Mpl and Q¯ =
−r2A′0/(r0Mpl) versus r/r0 for β = −5.0, Ac = 0.21377Mpl , ρc = 9ρ0, and Pc = 0.5640ρ0 .
The term −8β2A2c is −8β times as large as the term βA2c . This means that, for β < −O(0.1), the former cannot be
neglected relative to the latter. Moreover, both −8β2A2c and βA2c work to reduce the derivative f ′(r). From Eq. (2.5),
this means that the pressure P (r) changes slowly toward the surface of star. In the pressure (2.16) there are also
the terms −8β2A2c and βA2c , which prevent the decrease of P (r) induced by the term f0M2pl. In other words, the
vector field acts as the repulsive force to gravity. The Schwarzschild internal solutions to f and P , which are given in
Eqs. (3.1) and (3.2), are no longer valid for the coupling β < −O(0.1).
The slow change of P (r) for β < −O(0.1) leads to the radius rs and compactness C = ρcr2s/(6M2pl) larger than those
in GR. The left panel of Fig. 1 corresponds to the 0-node solution with EOS P/ρc = 2.78× 10−2 at r = 0. On using
the GR solution (3.2), this translates to the compactness C = 0.05. Solving the full background equations of motion,
however, the actual value of compactness is found to be C = 0.29. For the 0-node solution in Fig. 1, the pressure
stays nearly constant up to the distance r ≃ 0.06r0 due to the smallness of f ′(r) induced by the coupling β. This
is followed by the decrease of P (r) up to the surface rs = 0.1r0. This value is much larger than the corresponding
radius rs = 0.04r0 in GR. Thus the nonvanishing 0-node solution can be distinguished from the GR solution in terms
of rs and C.
The 1-node solution shown in the right panel of Fig. 1 leads to similar increases of rs and C relative to those in
GR. In this case the term −8β2A2c overwhelms f0M2pl up to the distance r = 0.05r0, so the function f decreases from
r = 0 up to this distance. This results in the growth of P (r) for 0 < r < 0.05r0. After the term −8β2A20 becomes
subdominant to f0M
2
pl with the decrease of A0, the pressure starts to decrease toward the surface (rs = 0.09r0). As
we will see in Sec. V for more realistic EOSs, there are cases in which f ′/f remains positive for the 1-node solution.
In such cases the pressure P (r) decreases outwards, but the decreasing rate is smaller than that in GR and hence the
radius rs is larger.
The above discussion shows the importance of vector-field coupling on the metric component f , which in turns
affects the radial dependence of pressure inside the star. Depending on the coupling β and central density ρc, the
values of Ac allowing for the asymptotic behavior A0(r → ∞) = 0 are different. For decreasing Ac, both rs and C
tend to approach those in GR.
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IV. 0-NODE NS SOLUTIONS
We study the existence and property of 0-node solutions for realistic EOSs of NSs: SLy and BSk20. In Eq. (2.27),
we introduced the dimensionless quantities y and z associated with ρ and P , respectively. The derivative of y with
respect to s = ln(r/r0), which is denoted as y,s = dy/ds, is given by
y,s =
y
z
(
dζ
dξ
)−1
z,s = −y(y + z)
2z
(
dζ
dξ
)−1
f,s
f
, (4.1)
where we used Eq. (2.5) in the second equality. The dimensionless quantities f , m = 3M/(4πρ0r30), A¯0 = A0/Mpl
obey the differential equations,
f,s
f
=
2f(1− h) + 16πfe2sz + 2β[A¯20 − hA¯0(A¯0 + 4A¯0,s)]− hA¯20,s
2h(f − βA¯20)
, (4.2)
m,s =
3es(16πfe2sy + hA¯20,s)
16π(f − βA¯20)
, (4.3)
A¯0,ss =
A¯0,s[4πf(y + z)e
2s − fh+ βA¯20 − βhA¯0A¯0,s] + 16πfβye2sA¯0
h(f − βA¯20)
, (4.4)
where
h = 1− 8πm
3es
, z = exp
[
ζ(ξ) − α3
α2
]
, (4.5)
with ξ = α1 + α2 ln y. For EOSs (2.29), we solve the differential Eqs. (4.1)-(4.4) for y, f , m, and A¯0 under the
boundary conditions (2.16)-(2.19) around r = 0. For a given negative coupling β and central density yc = ρc/ρ0, we
search for the value of Ac at r = 0 approaching A0(r) ≃ 0 for r ≫ rs. Numerically, the integration is performed up
to the distance r = 1012r0.
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FIG. 2. (Left) The temporal vector component A¯∞ at r ≫ rs versus its central value A¯c for SLy EOS with β = −0.2. Each
plot corresponds to the central densities (i) ρc = 2ρ0, (ii) ρc = 8ρ0, (iii) ρc = 12ρ0, and (iv) ρc = 18ρ0, respectively. The
dashed line represents A¯∞ = 0. (Right) The ADM mass M (in the unit of solar mass M⊙) versus the radius rs for SLy EOS
with three different values of β. For β = −0.2,−0.5,−0.8, we consider the regimes of central densities ρc ≥ 8ρ0, ρc ≥ 4ρ0, and
ρc ≥ 3ρ0, respectively. We also show how the values of M and rs shift with the increase of ρc. The M -rs relation in GR is
represented as the thin black dashed line.
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In the left panel of Fig. 2, we plot the asymptotic value A¯∞ = A∞/Mpl at r ≫ rs versus A¯c = Ac/Mpl at r = 0 for
SLy EOS with β = −0.2. The curve (i), which corresponds to the central density ρc = 2ρ0, has two intersections with
the line A¯∞ = 0, i.e., A¯c = 0 and A¯c = 1.53. The former is the GR branch, while the latter is the 0-node solution. In
Fig. 2, we observe that the positive change of A¯c from the GR branch leads to the positive shift of A¯∞. On the other
hand, the positive change of A¯c from the 0-node solution results in the negative shift of A¯∞. In Fig. 6 of Ref. [47],
the similar behavior was found for polytrope EOS in different vector-tensor theories. In such cases the authors of
Ref. [47] showed that the GR solution is stable by considering axial and polar parity perturbations, so it is unlikely
that the 0-node solution arises as the consequence of tachyonic instabilities of the GR solution. Rather, the 0-node
solution discovered in our GP theories may be induced by some nonlinear effects such as the selected choice of initial
conditions.
The values of A¯c corresponding to the 0-node branch get smaller for larger ρc, see cases (ii) and (iii) in the left
panel of Fig. 2. For β = −0.2, this nonvanishing A0 solution disappears above the critical density ρ¯c ≃ 16ρ0, in which
regime only the GR branch is left. The case (iv) in Fig. 2 corresponds to such an example. For the coupling β of
order −0.1, we find that the 0-node solution is present for both SLy and BSk20 EOSs and that the (A¯∞, A¯c) relation
is similar to that shown in Fig. 2. Below a critical central density ρ¯c (which depends on the coupling β), there exist
both GR and 0-node branches, with theoretical curves in the (A¯∞, A¯c) plane convex upward.
This property is very different from the 0-node solution in scalar-tensor theories. As we will briefly review in
Appendix, scalarized solutions in scalar-tensor theories do not appear below a critical central density ρc1. For ρc <
ρc1, the field value φ∞ at r ≫ rs monotonically increases with the growth of central value φc from the GR point
(φ∞, φc) = (0, 0). In this regime, the GR solution is stable. Above the critical density ρc1, the theoretical curves in
the (φ∞, φc) plane, which are convex downward, enter the region φ∞ < 0, so that the 0-node solution appears besides
the GR branch. In the left panel of Fig. 5 in Appendix, this transition can be seen from the curve (i) to (ii), where
the latter has two intersecting points at φ∞ = 0. In case (ii), the GR branch φc = 0 can be unstable to undergo
spontaneous scalarization to the 0-node solution with φc 6= 0. Above a second critical density ρc2, the theoretical
curves in the (φ∞, φc) plane again enter the region φ∞ > 0 and hence there is only the GR solution in this regime
(see case (v) in Fig. 5). The 0-node solution in scalar-tensor theories, which can arise out of spontaneous scalarization
from the GR branch, exists for ρc1 < ρc < ρc2. In the numerical simulation of Fig. 5 in Appendix, ρc1 = 4.3ρ0 and
ρc2 = 14.4ρ0.
In GP theories, the fact that the convex-upward curves in the (A¯∞, A¯c) plane have the intersection point A¯c > 0
with A¯∞ = 0 is related to the property that A0(r) always decreases as a function of r around r = 0, see Eq. (2.19).
Moreover, the term −8β2A2c in Eq. (2.16) always works to slow down the decrease of P (r). This is attributed to the
slower increase of f ′/f as compared to the GR branch. These properties are different in scalar-tensor theories, in
that the behavior of φ(r) and P (r) depends on whether EOS is in the range ρc > 3Pc or not (see Appendix). For
ρc < 3Pc, the scalar field φ(r) increases as a function of r deep inside the star, but this is not the case for A0(r) in
GP theories. As we see in the left panel of Fig. 2, the nonvanishing vector-field configuration with Ac of order Mpl is
present for a wide range of ρc below the critical value ρ¯c ≃ 16ρ0.
In the right panel of Fig. 2, we show the massM versus the radius rs for three different values of β. When β = −0.2,
the range of ρc plotted in the figure is ρc ≥ 8ρ0. In this range of ρc the derivative f ′/f is positive inside the star,
so that the pressure P (r) decreases outwards. Even for ρc = 8ρ0, we have M = 3.33M⊙ and rs = 13.4 km, both
of which are larger than the corresponding values M = 1.74M⊙ and rs = 11.4 km in GR. These changes are mostly
attributed to the fact that the slow decrease of P (r) induced by the coupling β leads to larger rs. If we consider ρc
lower than 8ρ0, the quantity f
′/f around r = 0 further gets smaller and hence both M and rs are greater than those
for ρc = 8ρ0. As ρc increases in the region ρc ≥ 8ρ0, M and rs decrease and they finally approach those in GR. This
is consistent with the fact that the value of Ac for the 0-node solution decreases for increasing ρc in the left panel of
Fig. 2 and only the GR branch is left for ρc > 16ρ0.
As the coupling |β| increases, the range of ρc allowing for the nonvanishing VS is limited to the region with low
densities. For β = −0.5 and β = −0.8, the 0-node solution with M and rs different from those in GR exists for
ρc . 7ρ0 and ρc . 5ρ0, respectively. In Fig. 2 we can confirm that, for larger |β| (of order 0.1), the deviation from
the GR values of M and rs in high-density regions tends to be smaller. This behavior is also consistent with the
results found in Ref. [47] in different vector-tensor theories. For |β| = O(1) the 0-node solution tends to disappear,
but the 1-node solution starts to appear as we already discussed in Sec. III. The numerical results shown in Fig. 2 are
obtained for SLy EOS, but we confirmed that the similar property also holds for BSk20 EOS and hence the results
are insensitive to the choice of EOSs.
In order to check whether the 0-node solution discussed above is gravitationally bound, we compute the proper
mass,
Mp =
∫ rs
0
4πρr2√
h
dr . (4.6)
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The gravitational binding energy is given by ∆ = Mp −M . For the 0-node branch corresponding to the numerical
simulation of Fig. 2, we find that ∆ is generally positive. Then, the necessary condition for gravitational stability is
at least satisfied. However, we need to consider the axial and polar perturbations to judge the stability of solutions
properly. In addition, it is not yet clear whether the 0-node solutions constructed above can be realized from certain
initial data or not. It is beyond the scope of our paper to address these issues.
V. 1-NODE NS SOLUTIONS
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FIG. 3. (Left) A¯∞ versus A¯c for SLy EOS with β = −5. Each plot corresponds to the central densities (i) ρc = 3ρ0, (ii)
ρc = 3.74ρ0, (iii) ρc = 6ρ0, and (iv) ρc = 8ρ0, respectively. The dashed line represents A¯∞ = 0. (Right) M/M⊙ versus the
radius rs for SLy EOS with β = −5. When ρc exceeds the critical value ρˆc1 = 3.74ρ0, the 1-node VS appears as the intersection
point of theoretical curves in the (A¯∞, A¯c) plane with A¯∞ = 0, i.e., case (ii) in the left panel. At ρc = ρˆc1, the GR point
(a) jumps to the other point (b) in the (M , rs) plane. As ρc increases further, the nonzero A¯c corresponding to the smaller
intersection value with A¯∞ = 0 tends to decrease toward A¯c = 0. Above the critical density ρˆc2 = 7.1ρ0, M and rs are identical
to those in GR.
We then proceed to the investigation of 1-node solutions for SLy and BSk20 EOSs. As a function of r, the temporal
vector component of 1-node solutions crosses A0(r) = 0 once at a finite radius and approaches A0(r) → 0 at spatial
infinity. As in the case of constant density ρ discussed in Sec. III, our numerical computation shows that the 1-node
solution exists for β = −O(1).
In the left panel of Fig. 3, we plot the asymptotic value A¯∞ = A∞/Mpl for r ≫ rs versus A¯c = Ac/Mpl at r = 0 for
SLy EOS with β = −5 by choosing several different central densities ρc. In case (i), which corresponds to ρc = 3ρ0,
there is only the GR branch characterized by A¯∞ = 0 and A¯c = 0. As ρc increases, the intersection with the line
A¯∞ = 0 starts to appear at A¯c > 0 for ρc exceeding the critical density ρˆc1 = 3.74ρ0. The nonvanishing VS for
ρc = ρˆc1 has the value A¯c = 0.2741, see case (ii) in Fig. 3. In the right panel of Fig. 3, we plot M versus rs for β = −5
with SLy EOS. We observe that there is a jump from the GR point (a) to the VS (b) at ρc = ρˆc1. This is attributed
to the fact that the nonvanishing VS suddenly appears as in case (ii) on the left panel of Fig. 3.
From point (a) to (b), the radius rs is slightly decreased from 11.9 km to 10.8 km, but the mass M is increased
from 0.85M⊙ to 2.36M⊙. This behavior mostly arises from the nontrivial radial dependence of ρ. On the VS (b),
the coupling |β| of order 1 leads to the increase of P (r) as a function of r around r = 0, which is associated with the
decrease of f(r), see Eqs. (2.16) and (2.18). This is also accompanied by the growth of ρ(r) with r deep inside NS.
While ρ(r) starts to decrease around the surface of NSs, the quantity y = ρ/ρ0, which appears in Eq. (4.3), is larger
than that in GR in most internal regions of the star. This results in the mass M for the VS (b) greater than that of
the GR point (a). For the VS (b), the decrease of P (r) around the surface of star occurs more rapidly in comparison
to GR, so the radius rs is even smaller than that of point (a).
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FIG. 4. (Left) M/M⊙ versus the radius rs for SLy EOS with several different values of β. For β = −3,−5,−7, the ranges of
ρc plotted in the figure are ρc > 12.32ρ0, ρc > 3.74ρ0, and ρc > 1.5ρ0, respectively. (Right) M/M⊙ versus the radius rs for
BSk20 EOS. For β = −3.5,−5.0,−6.5, we consider the density regions ρc > 8.15ρ0, ρc > 3.41ρ0, and ρc > 1.66ρ0, respectively.
For ρc exceeding ρˆc1 = 3.74ρ0, we observe in case (iii) of Fig. 3 that the two intersection points with A¯∞ = 0 start
to appear besides the GR branch. The root with smaller A¯c (denoted as Ps) has a similar property to the scalarized
solution in scalar-tensor theories (see Appendix), in that the positive shift of A¯c gives the positive change of A¯∞. On
the other hand, the root with larger A¯c (denoted as Pl) has an opposite characteristic, similar to the 0-node solution
studied in Sec. IV. We also note that, under the shift A¯c > 0, the GR point in case (iii) moves to the direction A¯∞ < 0.
With these properties, there is a possibility that the GR branch can be unstable to reach the point Ps. On the other
hand, the solution Pl should arise from some nonlinear effects rather than spontaneous vectorization.
Since the value A¯c for the root Ps gets smaller for increasing ρc, the effect of coupling β on modifying the structure
of NSs tends to be weaker. In the right panel of Fig. 3, we plot the values of M and rs corresponding to the root Ps.
As ρc increases from point (b), both M and rs approach those in GR. Above the critical density ρˆc2 = 7.1ρ0, the root
Ps disappears, see case (iv) in Fig. 3. For ρc > ρˆc2, the theoretical curve in the (M, rs) plane is identical to that in
GR. The difference from the GR solution is present for the density in the range ρˆc1 < ρc < ρˆc2. For ρc close to ρˆc2,
the pressure P (r) decreases as a function of r along with the increase of f(r).
In the left panel of Fig. 4, we plot the mass-radius relation for SLy EOS with β = −3,−5,−7. When β = −3, the
root Ps explained above exists for the central density 12.32ρ0 < ρc < 13.4ρ0. In this region, the values of M and rs
are different from those in GR, but their modifications are not so significant compared to the coupling β = −5. As
|β| increases, the 1-node solution is present for smaller central densities, e.g., 3.74ρ0 < ρc < 7.1ρ0 for β = −5. When
β = −7, the existence of the 1-node branch is numerically confirmed even for small ρc close to ρ0. In Fig. 4, the
plotted values of M and rs for β = −7 correspond to the density region ρc > 1.5ρ0. In this case, the 1-node solution
disappears above the critical density ρˆc2 = 5.3ρ0. Thus, for increasing |β|, the M -rs relation at higher densities is
hardly modified in comparison to GR. For |β| exceeding the order of 10, the 1-node solution tends to disappear, but
the 2-node solution starts to appear.
The right panel of Fig. 4 shows the theoretical values of M and rs for BSk20 EOS with β = −3.5,−5.0,−6.5. For
larger |β|, the modification from GR occurs at smaller central densities in a similar way to SLy EOS with β = −O(1).
Thus, the properties of 1-node solutions as well as 0-node solutions are insensitive to the choice of NS EOSs. We also
compute the gravitational binding energy ∆ = Mp −M for 1-node solutions and find that the necessary condition
∆ > 0 for gravitational stability is satisfied for the cases plotted in Fig. 4.
Before closing this section, we would like to discuss whether the 1-node solutions can be the endpoints of tachyonic
instability of the GR solutions with Aµ = 0. As we have already seen in Sec. III, the value of β for the existence
of 1-node solutions is somewhat consistent with the value for the onset of tachyonic instability of the GR solution.
The possibility that the fundamental solution is given by 1-node solutions may not be surprising. For instance, in
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spherically symmetric Proca stars the temporal component of the vector field has a single node [75], while in the
scalar boson stars the scalar field has 0 nodes [76]. However, this would not ensure that 1-node solutions are the
endpoints of tachyonic instability of the GR star solutions in our model.
We have observed several qualitative differences between 1-node solutions and scalarized solutions in the M -rs
relation (see Appendix). First, in the region of low densities, the 1-node branch in GP theories is disconnected to
the GR branch in the M -rs diagram, while the scalarized branch is smoothly connected to the latter. Spontaneous
scalarization occurs via a continuous bifurcation from the GR solution and may be regarded as a continuous phase
transition with the order parameter φ, in analogy with spontaneous magnetization in ferromagnetic materials. On the
other hand, it seems more plausible that, even if the 1-node solution is realized as the consequence of an instability
of the GR solution, it may be formed via a mechanism like a first-order phase transition, rather than a continuous
transition. Another possibility is that 1-node solutions may be formed from a selected choice of initial conditions as
in the case of 0-node solutions. There is also an alternative possibility that vectorized solutions possess nonzero radial
and angular components of the vector field satisfying the asymptotic condition Aµ(r → ∞) = 0. In Hellings and
Nordtvedt theory, Ref. [47] showed that the tachyonic instability of GR solutions arises for the modes with multipole
indices ℓ ≥ 1. The construction of such solutions is beyond the scope of our paper.
VI. CONCLUSIONS
In this paper, we investigated NS solutions in GP theories given by the action (2.1) with the vanishing longitudinal
vector component (A1 = 0). The deviation from GR arises from the nonvanishing temporal vector component A0 in
the vicinity of NSs, with the asymptotic behavior A0 → 0 at spatial infinity. The model (2.14) allows for the existence
of NS solutions with a nontrivial profile of the vector field (2.13) besides the GR solutions with A0 = 0 everywhere.
In addition to relativistic stars with constant density ρ, we considered SLy and BSk20 EOSs to describe the realistic
nuclear interaction inside NSs.
In Sec. III, we first studied the vector-field solution for relativistic stars with constant ρ to understand its general
properties semi-analytically. Inside the star, the temporal vector component obeys Eq. (3.4), which possesses the
GR branch. The necessary condition for the realization of spontaneous vectorization to a nonvanishing A0 solution
corresponds to β < 0. Under the conditions (3.6) and (3.7), Eq. (3.4) reduces to Eq. (3.8), whose solutions inside
and outside the star are given by Eqs. (3.9) and (3.12) respectively. However, the approximations (3.6) and (3.7) lose
their validities for compactness of the star C of order 0.1. In particular, the deviation of metric components f and
h from 1 leads to the decrease of A0(r) inside the star faster than that estimated by Eqs. (3.9). This results in the
existence of nonvanishing vector-field solutions even for the coupling |β| smaller than the order 1.
For β = −O(0.1), we numerically confirmed the existence of 0-node solutions where A0 monotonically decreases
toward the asymptotic value 0 at spatial infinity. In Fig. 1, we observe that the 0-node has a positive scalar charge
Q. For β = −O(1), there exists the 1-node solution where A0 crosses 0 once and then approaches 0 as r → ∞. The
1-node possesses a negative scalar charge. The n-nodes with n ≥ 2 only arise for the large coupling in the range
β < −O(10). Although we considered the constant-density star in Sec. III, these properties are independent of the
choice of EOSs.
In Sec. IV, we discussed the property of 0-node solutions and the mass-radius relation by considering SLy and
BSk20 EOSs for β = −O(0.1). As we see in the left panel of Fig. 2, below a critical central density ρ¯c, there exists the
0-node solution with A¯c > 0 and A¯∞ = 0 besides the GR branch. However, the convex-upward property of theoretical
curves in the (A¯∞, A¯c) plane for the 0-node is different from that of scalar-tensor theories in the (φ¯∞, φ¯c) plane (see
the left panel of Fig. 5). Analogous to the discussion of Ref. [47], we argue that the GR branch should be stable and
hence the 0-node solution may arise from some nonlinear effects rather than from spontaneous vectorization. The
coupling β works to slow down the decrease of pressure inside the star, so the radius rs and mass M corresponding
to the 0-node solution are greater than those of the GR branch. For increasing |β| of order 0.1, the deviation from
the GR values of M and rs occurs in the region of lower densities.
In Sec. V, we showed the existence of 1-node solutions for β = −O(1) with SLy and BSk20 EOSs. The 1-node
suddenly arises above a critical density ρˆc1 and disappears above a second critical density ρˆc2. For the density in the
range ρˆc1 < ρc < ρˆc2, there are two roots of A¯∞ = 0, Ps and Pl in the (A¯∞, A¯c) plane, besides the GR branch. The
root Ps has a property similar to the scalarized solution in scalar-tensor theories, so there is a possibility that the
former arises out of spontaneous vectorization. The mass M corresponding to root Ps is larger than that in GR and,
as ρc increases toward ρˆc2, M approaches the GR value. For larger |β|, the deviation of M and rs from those in GR
is limited to lower-density regions.
Here, we would like to emphasize that the existence and qualitative properties of the 0-node and 1-node solutions
are insensitive to different choices of EOSs. As we see in Eq. (2.19), the temporal vector component A0(r) around
the center of NS is mostly determined by the values of ρc and β. Since the central pressure Pc does not appear for
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this solution up to the order O(r4), the different choice of EOSs hardly affects the behavior of the vector-field profile
around the center of NS. On the other hand, the iterative solution (2.16) of P (r) is affected by the value of Pc as well
as ρc and β. Thus, the radius and mass of NS can be modified by choosing different EOSs, but the qualitative behavior
of vectorized solutions are insensitive to the change of EOSs. It is of interest to study observational signatures of these
solutions through the gravitational wave measurements. For vectorized solutions the mass-radius relation differs from
that in GR, so the tidal Love number of NSs [78–81] is also subject to modifications. This can be potentially tested
in the GW observations of NS mergers.
It is not clear yet whether 1-node solutions constructed in this paper are indeed the endpoints of tachyonic instability
of the GR star, namely, vectorized NS solutions. Further studies will be needed to clarify this issue. First, it will be
very crucial to investigate whether the 0-node and 1-node solutions found in this paper are stable against axial and
polar perturbations. Second, it will also be important to construct NS solutions with the nonvanishing radial and
angular components of the vector field satisfying Aµ(r →∞) = 0 and, if they exist, check their stability.
On the other hand, the 0-node and 1-node solutions constructed in this paper deserve for further studies from
various aspects, e.g., the extension to rotating solutions and the analysis regarding the tidal deformability and universal
relations [83–87] (see also [88] and references therein). They would be helpful to distinguish the solutions in GP theories
from GR and other modified theories of gravitation from the theoretical and observational viewpoints. Another
possible issue is that, assuming the vector field triggering spontaneous vectorization exists since the beginning of the
Universe, the same coupling can potentially induce tachyonic growth of the vector field over the cosmic expansion
history, which might result in the conflict with Solar System tests of gravity. The similar issue has already been
pointed out in the case of spontaneous scalarization [89–92]. In vector-tensor theories, the problem may be more
serious as the vector field has more degrees of freedom and it can also break the isotropy of the Universe. We hope
to come back to these issues in our future work.
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APPENDIX: SPONTANEOUS SCALARIZATION IN SCALAR-TENSOR THEORIES
In comparison to the VS in GP theories, we briefly review spontaneous scalarization in scalar-tensor theories. Let
us consider the action in the Jordan frame (given by the metric gµν),
S =
∫
d4x
√−g
[
M2pl
2
F (φ)R − 1
2
ω(φ)gµν∂µφ∂νφ
]
+ Sm(gµν ,Ψm) , (A.1)
where F (φ) and ω(φ) are functions of the scalar field φ. In this frame, the matter fields are minimally coupled to
gravity. Under the conformal transformation (gµν)E = F (φ)gµν , the action (A.1) is transformed to
S =
∫
d4x
√−gE
[
M2pl
2
RE − 1
2
(gµν)E∂µϕ∂νϕ
]
+ Sm
(
F−1(φ)(gµν )E ,Ψm
)
, (A.2)
where the subscript “E” represents quantities in the Einstein frame, and
dϕ
dφ
=
√
3
2
(
MplF,φ
F
)2
+
ω
F
. (A.3)
We choose the canonical scalar field ϕ in the Einstein frame such that ϕ = φ. Since ω = [1 − 3M2plF 2,φ/(2F 2)]F in
this case, the Jordan-frame action (A.1) is expressed as
S =
∫
d4x
√−g
[
M2pl
2
F (φ)R − 1
2
(
1− 3M
2
plF
2
,φ
2F 2
)
F (φ)gµν∂µφ∂νφ
]
+ Sm(gµν ,Ψm) . (A.4)
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The nonminimal coupling chosen by Damour and Esposito-Farese [24, 25] corresponds to
F (φ) = e−βφ
2/(2M2pl) , (A.5)
where β is a constant.
In full Horndeski theories including the action (A.4) as a special case, the full background equations of motion on
the spherically symmetric and static background (2.2) were already derived in the literature, see, e.g., Eqs. (8)-(10) of
Ref. [77]. We do not write them explicitly here. The pressure P and density ρ obey the same continuity equation as
(2.5). The relation between P and ρ can be specified by a given EOS. For the nonminimal coupling (A.5), there exists
the scalarized solution with φ(r) 6= 0 besides the GR branch φ(r) = 0. On using the expansion similar to Eq. (2.15)
around r = 0, the iterative scalarized solutions to P , h, f , and φ deep inside the star are given by
P (r) = Pc −
(ρc + Pc)[2M
2
pl(ρc + 3Pc) + β
2φ2c(ρc − 3Pc)]
24M4pl
eβφ
2
c
/(2M2pl)r2 +O(r4) , (A.6)
h(r) = 1− 2M
2
plρc − β2φ2c(ρc − 3Pc)
6M4pl
eβφ
2
c
/(2M2pl)r2 +O(r4) , (A.7)
f(r) = f0 +
f0[2M
2
pl(ρc + 3Pc) + β
2φ2c(ρc − 3Pc)]
12M4pl
eβφ
2
c
/(2M2pl)r2 +O(r4) , (A.8)
φ(r) = φc +
βφc(ρc − 3Pc)
12M2pl
eβφ
2
c
/(2M2pl)r2 +O(r4) , (A.9)
where φc is the field value at r = 0. At spatial infinity, the scalar field behaves as φ(r) ≃ φ∞+Q/r, where φ∞ and Q
are constants. The internal and external solutions to φ(r) are joined each other at the stellar radius rs. It is known
that the 0-node scalarized solution with φ∞ ≃ +0 is present for negative β in the range β < −4.35 [26–28].
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FIG. 5. (Left) The scalar field φ¯∞ = φ∞/Mpl at spatial infinity versus the central value φ¯c = φc/Mpl at r = 0 for SLy EOS
with β = −6. Each line corresponds to the central densities (i) ρc = 3ρ0, (ii) ρc = 5ρ0, (iii) ρc = 10ρ0, (iv) ρc = 12ρ0, and (v)
ρc = 16ρ0, respectively. The dashed line represents φ¯∞ = 0. (Right) M/M⊙ versus rs for SLy EOS with β = −6. We also
show how the values of M and rs move with the increase of ρc. The mass-radius relation in GR is represented as the thin black
dashed line.
Let us consider SLy EOS with the coupling β = −6. In the left panel of Fig. 5, we plot φ¯∞ = φ∞/Mpl versus
φ¯c = φc/Mpl for five different central densities ρc. The line (i), which corresponds to ρc = 3ρ0, has the intersection
with φ¯∞ = 0 only at the GR point φ¯c = 0. For ρc & 4.3ρ0, the scalarized solution with φ¯c > 0 and φ¯∞ = 0 starts to
appear besides the GR branch. Unlike the 0-node solution in GP theories, the line (ii) in Fig. 5 is convex downward.
In this case, the GR solution can be unstable to undergo spontaneous scalarization to the other branch with φ¯c 6= 0.
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In the right panel of Fig. 5, we plot the mass M and radius rs of NS for β = −6, which agrees with the result
presented in Fig. 1 of Ref. [82]. The mass-radius relation is similar to that in GR for the central density in the range
ρc . 4.3ρ0, but the difference starts to appear for ρc > 4.3ρ0 due to the emergence of the scalarized branch. The
radius rs associated with the scalarized solution in the range 4.3ρ0 < ρc . 7ρ0 is smaller than the corresponding
value of the GR branch. This is attributed to the fact that 3Pc is smaller than ρc in this regime and hence the term
β2φ2c(ρc − 3Pc) in Eq. (A.6) leads to the decreasing rate of P (r) larger than that in GR. As ρc increases further, the
term 3Pc cannot be negligible relative to ρc. In particular, for ρc & 10ρ0, EOS enters the fully relativistic region with
ρc < 3Pc. Then, the term β
2φ2c(ρc − 3Pc) is negative with eβφ
2
c
/(2M2pl) < 1 for φc 6= 0, so the decreasing rate of P (r)
becomes smaller than that in GR deep inside the star. This results in the larger radius rs for the scalarized solution
relative to that of the GR branch. Indeed, the increase of rs and M seen in Fig. 5 (in comparison to their GR values)
mostly arises from this slower decrease of P (r).
In the left panel of Fig. 5, we observe that the field φc of the scalarized solution reaches the maximum value
0.4Mpl around ρc ≃ 10ρ0. Since ρc − 3Pc < 0 for ρc & 10ρ0, the iterative solution (A.9) shows that φ(r) increases
as a function of r deep inside NSs. Around the surface of star the term 3P becomes smaller than ρ, so that φ(r)
decreases to join the exterior solution at r = rs. For increasing ρc, however, this growth of φ(r) tends to occur up
to r = rs and hence it becomes more difficult to smoothly connect to the external solution. Reflecting this point,
the field value φc of scalarized solutions decreases for increasing ρc in the range ρc & 10ρ0, see case (iv) of Fig. 5.
Eventually, the scalarized solution with φc > 0 disappears for ρc > 14.4ρ0. The case (v) in Fig. 5 corresponds to such
an example, which possesses only the GR branch. In the right panel of Fig. 5, the mass-radius relation approaches
that of GR in this high-density region. The above discussion shows that the scalarized solution is present in the range
4.3ρ0 < ρc < 14.4ρ0 for SLy EOS with β = −6. The property of scalarized solutions discussed above also holds for
other EOSs entering the full relativistic regime ρc < 3Pc as ρc increases.
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